Our purpose in this article is to prove that the group H(C) of homeomorphisms of the complex plane C is a metric group equipped with the metric induced by uniform convergence of homeomorphisms and their inverses on compacts and the set {h ∈ H(C) : (∀z ∈ C)(h(z) = z)} of fixed point free homeomorphisms of the complex plane is a conjugacy invariant dense G δ subset of H(C).
1. Definition. Following page 808 of [4] , if 2. Definition. If X is any compact Polish space, then we denote by K(X) the compact Polish space of compact subsets of X equipped with the Hausdorff metric and for any sequence (K n ) n∈N of compact subsets of X, we denote by lim inf n→∞ K n the topological lower limit of (K n ) n∈N and we denote by lim sup n→∞ K n the topological upper limit of (K n ) n∈N , while if these two limits coincide, then we call them the topological limit lim n→∞ K n of (K n ) n∈N , which is equivalent to convergence in K(X) with respect to the Hausdorff metric on it. See, for example, Section 4.F on pages 24-28 of [2] .
For any k ∈ N, there exists an integer n k > n k−1 , where
The compactness of K implies that there exists a subsequence p k j j∈N of (p k ) k∈N which converges to some point p ∈ K. Hence, since (h n ) n∈N converges to h uniformly on each compact subset of C, by virtue of Exercise 40 e. on page 162 of [3] , it follows that h n k j j∈N converges continuously to h and consequently q = lim
thus the claim follows. △
Proof. Let K be any non-empty compact subset of C.
is compact in C. Indeed, the compactness of h[K], as it follows from Proposition 24 of [3] , implies that there exist q 1 , ..., |p − z| ≤ 1 and hence there exists j ∈ {1, ..., k} for
D (q j ; 2) and the claim follows from the fact that the D (q j ; 2)'s are compact. See, for example, Proposition 22 on page 156 of [3] . By virtue of Lemma 3 and Section 4.F on pages 24-28 of [2] , it follows that there exists N ∈ N such that for any integer n ≥ N, we have that
. Therefore, given any integer n ≥ N, we have that
where d g (p, q) = |g(p) − g(q)|, whenever p, q range over C, also constitutes a complete compatible metric on C, so (g n • h n ) n∈N converges uniformly to (g • h) on compacts. An analogous argument shows that (h
on compacts, so the claim follows. △ 5. Corollary. H(C) equipped with the metric d is a metric group.
, whenever z ∈ D(0; 1), then it is not difficult to verify that u is a homeomorphism D(0; 1) → C whose inverse is defined by the relation u −1 (w) = w 1+|w|
, whenever w ∈ C, so if H(D (0; 1) ) is the group of homeomorphisms of D(0; 1), then H(D(0; 1)) ∋ ψ → (u • ψ • u −1 ) ∈ H(C) is a group isomorphism via which the metric group H(C) makes H(D(0; 1)) also a metric group in which convergence is also uniform convergence on compacts. D(0; 1) onto an open subset U of C for which F = k D(α; ρ) . In addition, if h ∈ H(C), then we set 
Definition
. If F is any non-empty subset of C, then we call F a closed 2-cell in C, if there exist a closed disk D(α; ρ) contained in D(0; 1) and a homeomorphism k ofC \ supp(h) = O∈Σ 0 1 (C) {z ∈ O : h(z) = z}
Theorem. If F is any closed 2-cell in C, then {h ∈ H(C) : supp(h) ⊆ F } is closed nowhere dense in H(C).
Proof. Let D(α; ρ) be the closed disk contained in D(0; 1) and let k be the homeomorphism of D(0; 1) onto the open subset U of C for which F = k D(α; ρ) . We will first prove that {h ∈ H(C) : supp(h) ⊆ F } is closed in H(C). Let η > 0 be such that D(α; ρ + 2η) ⊆ D(0; 1). Then, evidently
Hence, if h n → h in H(C) as n → ∞ and for any n ∈ N, we have that supp (h n ) ⊆ F , then for any δ ∈ (0, η] and for any n ∈ N, we have that h n = id in C \ k [D(α; ρ + 2δ)], which is obviously closed in C, and consequently h = id in C \ k [D(α; ρ + 2δ)], whenever δ ∈ (0, η], which is easily seen to imply that h = id in F and the claim follows. Thus, given any h ∈ H(C) for which supp(h) ⊆ F , what is left to show is that h is not an interior point of {g ∈ H(C) : supp(g) ⊆ F }. Given any δ ∈ [0, η], we set 
p otherwise whenever p ∈ C. Then, it is not difficult to see that h δ : C → C constitutes a homeomorphism which expands k D(α; ρ) to k D(α; ρ + δ) and shrinks Proof. It is not difficult to see that {h ∈ H(C) : h(c) = c} is closed in H(C) and let g ∈ {h ∈ H(C) : h(c) = c}. If we set τ a (z) = z + a, whenever z, a range in C, then since for any a, b in C, we have that sup
|a−b|, it follows immediately that C ∋ a → τ a ∈ H(C) constitutes a continuous and injective homomorphism between the corresponding metric groups and consequently the mapping C ∋ a → (τ a • g) ∈ H(C) is continuous, as it follows from Lemma 4, which implies that (τ a • g) → g in H(C) as a → 0 in C. Thus, the claim follows from the fact that for any a ∈ (C \ {0}), we have that (τ a • g) (c) = c + a = c. △ 10. Theorem. {h ∈ H(C) : (∀z ∈ C)(h(z) = z)} constitutes a conjugacy invariant dense G δ subset of H(C).
Proof. If C is any countable dense subset of C, then by virtue of Lemma 9, it is enough to show that {h ∈ H(C) : (∀z ∈ C)(h(z) = z)} = 
